
R e m e m b e r t h e adequacy c r i t e r i o n !
n a t u r l a h a ,

L , f o r m u l a t e up-front
,
conduit.LI.

e g) S T L C ✓
C OM P O S I T I O N A L
B I S E C T I O N .

" f t s a ,
M : A ' ← > y
[ M ' : e l ' A '" t " tLFq,z, L F c o n t e t .

w h e r e 'Xi: A i , - , × n : A?
=
xielh.it#:elA7

e t c .

E I µ , v types w/positivity r e s t r i c t i o n
f
f
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§¥¥%}¥-a
s i c " encoding o f S T L C s t a t i c s .

t y : s o f t .
o n e : t y . t w o i t y .

prod: Ey → t y → t y . o r r : t y → ty → ty .

e l : t y → s o r t .
' ' e l e m e n t s o f a : - l y . .

n u l l : e l (one) .
( e t c )

DehIonaleg@nlenc
eieqVs.a:t y → e l C a l i e l cans→ s o f t .

r e f l : a : ty → m i e l Cal → equ a
m m .

sym. ,
a : t y

→ m , m ' : e l Cal → egg a m a n ' →

q u a m ' m ,

t r a n s i . . .
s i m i l a r . . .

d
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pair-ego: a y a , '-ty → m i , m i '

. I c a n → m
z , n i : e l l a , ) →

Cfv a , m m ,' → g r a , m e ma ' →

eqv (prod
a t a z ) (pai r m . m a Cpa i r m i m i )

.

i, e t c

prod-fi. a i , a z i l y → m e : I c a n → o n z : e l Caz) →

egg a , ( f s t a , a z I pair a , a c
m , m 2 ) ) M i .

pod-Pz:
. . . s i m i l a r . .

.

prod-n: a ; a z : ty → m : e l Gorda. a n →

eqvcpvda.az) m

( p a i r a , a 2 ( f s t a , a 2
m ) ( a n d a , a , m ) ) .

I n s h o r t -,

-
: a .

, ar i ty → e l l prod-a, a n = (el lanxel Can)

i e . e l ements o f products a r e pairs o f elements .
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a r r - f : a .
, a , i ly

→ m : (eton) → et c a r ) ) → m e : e l Cac) →

equ a z
Cappa, a z C l a n ( E e ca,; CX . n Cx ) ) ) ) m , c)

(M 2 M i l .

.

a r - n : a yarity → m . . e l C a r r a , a z ) →

egvlpvda.az) m C l a n (Aug. , l x . app o n xD ) .

I n s h o r t i

-
i a .

, azity
→ e l ( o r a , a - ) E @can → e l k s ) .
I t c o f a r r o w s a r r o w s o f e l ' t s .

i e . formally, f u n c t i o n s a re open
t e r m s !

(semantically, n o t a t a l l ) .
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Green i n t r i n s i c encoding o f typing.
c a n '

c n ' : I 'A '< f ' t
E s t e

Wrtcompositional encoding e - 7
.

H o w t o f o r m u l a t e d e f i n i t i o n a l equivalence?

Judgment-as-type, Prnc. . }
f o r m a l i s m a r e

Cgverby) L F sig's.

I n t r o d u c e equivalence judgment:

→ e q : a : t y
→ e l a → e e a → FEI"

" ' ⇒ .

Populate t h i s family sothat i t is adequate
a r t ( in formal ) f o r m a l i z a t i o n given ear l ie r.
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w h a t i s d e f ' l equivalence?

1) equivalence r e l a t i o n

r e t l ; a : t y → m i E l a → eg a m m .

sym : a : ty → m ,
m ' i d a → e g a n m ' → egan' m ,

t r a n s i -
exe rc i s e -

.

2 ) compatibility

p a i r : a y a z i t y
→ m i , m i : I d , → ma , ma': e l a z

→

eq a . M , m,' → eco a z m i m i →

eg (prod a . a z ) ( p a i r m ,
m . ) ( p a i r m ,' m a ' ) .

I
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l a m : a y a z i t y → Me , Me!: e l Ca i l → e l Caz) →

( X : e l c a n → e q a z ( M a x ) ( m i x ) )
→

I

eqV Ca r r a , a z ) @aura,.az (Telia, ( x . M i x ) ) ) .

( l a n a , a , Checa,, ( x . M i x ) ) )
'

N t '
F u

M i .

3 ) B pr in ts " v s " e l C a r a . a z )

a .
,
azity → M e : c lean → e l Cay - s

P → : (n.: ' c a n →

(eq a r Cappa,.az l l a m a , a z (Texas, G . M - x ) ) ) M,)

(M, Mi ) . . .
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4 ) M-pine's

n → : oh, a z : t y → m i e l C a r r a , a s ) →

eq ( a t a . a z )
M ( l a n a i 9 2

.
tapeon ,x i '

(Texan CX. appa , a z r n x ) ) ) .

T h e pg l a w s
es tab l i sh a n i s omo r p h i sm

b t w e l C a r r a , a z ) a n d I can → e l Caz)!

( i s o n
'

'up t o eg" ) .
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Above encoding o f d e f ' d equivalence i s

E x t r i n s i c ✓

i n t h a t eg
h a s n o meaning o t h e r t h a n

being s o m e fami ly i n L t .

W h a t i s a n I N T R I N S I C encoding?

× eg : . . . . d e f ' d

Assert t h e t f a x i o m s o f equivalence o f C F .

#
me m : e l l o n e l t m = n u l l : e l l o n e ) .

p a a i , az i ty, M i : e l l a , ) , M a : I c a , ) t

proja , a r e Cpaira, a - m , M a ) ) E M . : e l l a , )

e t c
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w i t h equations w e c a n exp ress t h e i s o

m e n t i o n e d a b o v e :

a x , a - i t y t

e l Carra, a z ) = e l l a , ) → e l
Caz)]

-

m e a n s

✓
a p p :

e l l a , → a ) → d e a d → e l l a ,
]

t r fam . . fel la.) →
e l lazy → e l C a r r a , a z ) .

" f → A-→ Is)"

p
✓ app o l a m I i d : e l l a , ) → e l C a y

✓ learn o app = i d : e l C a r r a , a z ) 0€.uniquely determines
a r r a . a z !

< 'is a
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1 . (Purely) syntactic encoding:
Guest a dogic/formalism i s a signature }%

%§§,.}
r e t a i n s

( spec o f generators)

2 . S eman t i c encoding m o r e expressive

generators a s a b o v e

F e d by r e l ¥ s
(equations
)}

s a c r i f i c e

decidability

Yatericacarbereducedt
o i n a n extended L F ( l a t e r ) .
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LFTypetheory ( b a s i c ve r s i o n )

Dependent type theory w / I T # t
' ' s m a l l ' '

o n e w i f e - fovereetsoff
o f " s m a l l " type

c s m a l l t y p e s .

t y : s o r t

egg e l : a : ty → softinverse-" large" Go t small)-

" e l ' A ' i s s m a l l "

" t y i e s m a l l "

e a r n : ---¥117191;--
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(see s e m a n t i c L F note)wyv% smell
←

l a n d "type"
c l a s s K i . i t s o f t 1 a ; s → K

s o r t s : : = @ I a : S , → 5 2 1 A f CSM) "type"f a m i l i e s

, tamale.
# € #

(judge
objects
t e rm s M : : = c l X I 2g, ( x .

M ) I # (myth)

" s m a l l "

c h f i : = o l f , x : S :

Sig E : : = . I E , I K I I , c : S . "large"
-

T c t x M E T ] E sig
[ S E E ' ]

f t e . . K d s T t , K E K ' c ' s mutually
{Cts. 5 : : K f t e 5 = 5 ' : : K.} r e a r s . v e .

C t e . M '- S f t e M E M ' : S .
-

a
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III.LI?IILFtnpetheoy:
• n o equations ( l a t e r )
• de c i d a b l e !

T w o f o r m s : extensional

. d e # n v e
- requires a n equivalence c h e c k e r

• c a n o n i c a l - n o g u n c h e c k e r - s u b s t . i s tricky.

" Fa i r y subs t i t u t i o n "
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i n f i n i t e cinuarance,

f i ¥ ¥ ¥ ¥ (invariance)

→ t a l e s a r e n o longer
syntax-directed!

( I ) X : A , → A z E

eg) C t , M : X : A i → A 2

✓

× : B, → A z : sof t

T.is?n.i.=a#a-=
Mar 30 - Apr 1 2020 15 of 24



E t i : i ÷ : :⇒ .
÷÷÷:÷i÷÷EEE±

Invariants/ADMISSIBILITIES2

• I f f t , M : A ' t h e n f t , A s s o f t
/

• I f T t , A : k
then T t , K k i n d .

✓

• I f f t , J a n d D t , 8 :
f t hen A t , ICT).

-

(weakening, contract ion,
exchange, a ss t . )
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← i E ¥

t.FI?aIcm.xn:x:a#←→ '

I

ii¥÷÷÷÷÷÷÷÷±
R,S,Tforallthreeegwiv
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§¥IIiI¥: A . → A z = x : A' → A i . ' : s e t ,

t h e n T t s A , E A i a n d f , K A , t A z E A I : soft .

I t @ c r e w s a n y d i r e c t proof).

ETC.LU#A-OtfdeR-uijn.
1968
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I s type checking d e c i d a b l e ?

1 . R e d u c e t . c . t o g u n . checking

2 . f i v e equ iv c h e c k alg ( f i x E )

i

K ⇐ > K ' K ]
K o '

A ⇒ A ' t k [ T ] "canon i ca l "'Ed
a:{

a .

queyo
ns

C .⇒ C ' T K [ f ] / n e u t r a l
C o

M E ? M' d A K ] f
u # u ' t A C f )

Uco

(Harper-Pfenning paper)

I
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finite types!stadotoselet
on o f A

x ' = a (x: A c
→ AD = A ! → A t

|AlM)°=t# deep
indices i n f a m i l i e s

eg) e l l ' A )
°

= e l .

Algorithm i s d r i v e n by t h e s k e l e t o n

o f t h e deep types!
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A l t e r n a t i v e approach:
1 , F o r m u l a t e canonical L F , w h i c h

i s syntax-directed.
→ n o s u c h t h i n g a s a n o n - c a n o n i c a l

f o r m

~ , i . n o need f o r quality checking!

2 . s u b s t i t u t i o n m u s t be re fo rmu la ted

a s HEREDITARY
8hBst.fC2nIlyJQ-
fMlx5aoNCMlx7aoU4G@-
apC7x.m, N)
e t c . I n e e d types!

I
n o t

canonical!
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Canon i c a l T L C (preliminary example)
c : i = ¥ A

f t M t A M i s canon ica l . a t t y p e A .

T t U T A H i s n e u t r a l o f type
A

¥ t ¥ ' ÷
vii i .i i i . ,

no i i i . " " F i x
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# A t x T A ¥ n z

¥ ¥ p A ¥ i l i s t , 2 )
n o r m a l

for
m)i I ¥ ¥ ¥m±

f⇒ among

cheeky e) T, X T A ,
→ A z . . th X f A i → A z .

2 ) G N A ,
→ A z

t Ta, Cy. a t ¥ , y . t.LI
A z

f , XT A r ' Ai , y IA, t
X P A , - 1 A r

yd A i

y t A l
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Def ine
"

[MA ] N" s o t h a t

stii.in#:i...:tI
[Mk Ian N = N ' [MIDI U = µ#

a l l XII N , [HATIN a r e unproblematic!

Next : define, ex tend
t o L F .

Next? semantic L F .
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